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Abstract
It is known that, through inflation, Planck scale phenomena should have left
an imprint in the cosmic microwave background. The magnitude of this imprint
is expected to be suppressed by a factor σn where σ ≈ 10−5 is the ratio of the
Planck length to the Hubble length during inflation. While there is no consensus
about the value of n, it is generally thought that n will determine whether the
imprint is observable. Here, we suggest that the magnitude of the imprint may
not be suppressed by any power of σ and that, instead, σ may merely quantify
the amount of fine tuning required to achieve an imprint of order one. To this
end, we show that the UV/IR scale separation, σ, in the analogous case of the
Casimir effect plays exactly this role.
1 Introduction
The so-called transplanckian question is concerned with low energy phenomena whose
calculation appears to require the validity of standard quantum field theory (QFT) at
energies beyond the Planck scale. The issue first arose in the context of black holes:
the derivation of Hawking radiation is based on the assumption that standard QFT
is valid even at scales beyond the Planck scale. For example, the typical low-energy
Hawking photons that an observer might detect far from the horizon are implied to
have possessed proper frequencies that were much larger than the Planck frequency
close to the event horizon, even at distances from the horizon that are farther than a
Planck length. This led to the question if Planck scale effects could influence or even
invalidate the prediction of Hawking radiation. Numerous studies have investigated
the issue and the current consensus is that Hawking radiation is largely robust against
modifying QFT in the ultraviolet (UV). This is plausible since general thermodynamic
considerations already constrain key properties of Hawking radiation. See, e.g., [1, 2].
More recently, the transplanckian question arose in the context of inflationary cos-
mology: according to most inflationary models, space-time inflated to the extent that
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fluctuations which are presently of cosmological size started out with wavelengths that
were shorter than the Planck length. The derivation of the inflationary perturbation
spectrum therefore assumes the validity of standard QFT beyond the Planck scale.
Unlike in the case of black holes, no known thermodynamic reasons constrain the
properties of the inflationary perturbation spectrum so as to make it robust against
the influence of physics at the Planck scale. It is, therefore, very actively being inves-
tigated if future precision measurements of the cosmic microwave background (CMB)
intensity and polarization spectra could in this way offer an experimental window to
Planck scale phenomena. See e.g. [3].
It is generally expected that the imprint of Planck scale physics on the CMB is
suppressed by a factor σn where σ is defined as the ratio of the UV and IR scale. In
inflation, this ratio is σ ≈ 10−5 since modes evolve nontrivially only from the Planck
scale to the Hubble scale, LHubble ≈ 105 LPlanck, after which their dynamics freezes
until much later when they reenter the horizon to seed structure formation. We note
that if the UV scale is the string scale, σ could be as large as σ ≈ 10−3. Regarding the
value of the power, n, in σn, no consensus has been reached. It is generally expected
however, that the value of n decides whether the imprint of Planck scale physics in
the CMB could ever become measurable.
Concrete studies in this field often model the influence of Planck scale physics
on QFT through dispersion relations that become nonlinear at high energies. This
approach is motivated by the fact that the natural ultraviolet cutoff in condensed
matter systems characteristically affects the dispersion relations there. See, e.g., [2].
It has been shown that while some ultraviolet-modified dispersion relations would
affect the inflationary predictions for the CMB to the extent that effects might become
measurable, other modified dispersion relations would have a negligible effect on the
CMB. It is so far not fully understood which properties of Planck scale modifications to
the dispersion relation decide whether or not an observable effect is induced. In order
to clarify if and how an imprint of Planck scale effects in the CMB are suppressed by
σ it would be most interesting, therefore, to find and study the operator which maps
arbitrary ultraviolet-modified dispersion relations directly into the correspondingly
modified CMB perturbation spectra.
Here, we will investigate the simpler transplanckian question for the Casimir force.
As is well-known, the Casimir force arises due to quantum fluctuations of the elec-
tromagnetic field and occurs between neutral conducting objects. Similar to Hawking
radiation and inflationary fluctuations, the Casimir force can be seen as a vacuum ef-
fect which involves modes of arbitrarily short wave lengths. In fact, naively it appears
that modes contribute the more the shorter their wave length is. This suggests that,
in principle, the predicted Casimir force could be influenced by Planck scale physics.
The Casimir effect is simple enough so that we will be able to completely answer
its transplanckian question when modelling Planck scale physics through ultraviolet-
modified dispersion relations. Namely, we will find the explicit operator which maps
generic ultraviolet-modified dispersion relations into the corresponding Casimir force
functions. The properties of this operator reveal that and how ultraviolet-modified
dispersion relations can strongly affect the Casimir force even in the ‘infrared’ i.e. at
practically measurable distances. Interestingly, the extreme ratio σ ≈ 10−28 between
the effective UV and IR scales in the Casimir effect does not suppress the possible
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strength of Planck scale effects in the Casimir force at macroscopic distances. We find
that, instead, the extreme value of σ implies that UV-modified dispersion relations
that lead to a large IR effect merely need to be extremely fine-tuned, which suppresses
the a priori likelihood that such a dispersion relation should arise from an underlying
theory of quantum gravity. This is of interest because if the situation in inflation is
analogous, the imprint of Planck space physics in the CMB may not be suppressed in
strength by any power σn of σ. Instead, the σ of inflation, σ ≈ 10−5 or σ ≈ 10−3,
may determine the amount of fine-tuning required to achieve an imprint of order one.
Thus, σ would be related to the a priori likelihood for an observable imprint to arise
from an underlying theory of quantum gravity. In inflation, this likelihood would not
be extremely small since the UV and IR scales in inflation are not extremely separated.
2 The Casimir force and ultraviolet-modified disper-
sion relations
The Casimir effect arises when reflecting surfaces pose boundary conditions on the
modes of the electromagnetic field. For example, two perfectly reflecting parallel plates
impose boundary conditions such that the set of electromagnetic modes in between
them is discretized. The spacing of the modes, and therefore the vacuum energy that
each mode contributes, depends on the distance between the plates. This distance-
dependence of the vacuum energy leads to the Casimir force between the plates. In
general, the force is a function of both the distance and the shape of the reflecting
surfaces, and the force can be both attractive or repulsive.
The Casimir effect was first predicted, by Casimir, in 1948, see [4]. In the mean-
while, the Casimir force has been calculated for several types of geometries and in
various dimensions. Also, effects of imperfect conductors, rough surfaces and finite
temperatures have been considered, see [5]. In addition, detailed calculations have
been carried out to account for higher order corrections due to virtual electrons and
their interaction with the boundaries [6]. For recent reviews see [7] and for precision
measurements of the effect see e.g. [8].
For our purposes, the essential features of the Casimir effect are captured already
when working with a massless real scalar field between two perfectly conducting parallel
plates. For simplicity, we will consider the simple case of just one space dimension, in
which case the reflecting plates are mere points. We place these points at x = 0 and
x = L, i.e., we impose the boundary conditions φˆ(0, t) = 0 = φˆ(L, t) for all t. In order
to fulfill these boundary conditions we expand the quantum field between the plates
using the Fourier sine series:
φˆ(x, t) =
∞∑
n=1
φˆn(t) sin(knx), kn =
npi
L
(1)
We are using units such that ~ = c = 1. Recall that in a Fourier sine series all n and
therefore all wave numbers kn are positive. The reason is that the sine functions form
a complete eigenbasis of the square of the momentum operator, pˆ2 = −d2/dx2, all of
whose eigenvalues are of course positive. (Recall that the momentum operator of a
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particle in a box is not self-adjoint and not diagonalizable, see e.g. [10]). The usual
ansatz
φˆn =
1√
ω(kn)L
(
eiω(kn)ta†n + e
−iω(kn)tan
)
(2)
with [an, a
†
m] = δn,m diagonalizes the Hamiltonian:
Hˆ =
∞∑
n=1
ω(kn)
(
a†nan +
1
2
)
(3)
Thus, with the usual linear dispersion relation
ω(k) = k, (4)
the vacuum energy between plates of distance L is divergent:
Ein(L) =
1
2
∞∑
n=0
ω(kn) (5)
=
pi
2L
∞∑
n=0
n = ∞ (6)
We notice that modes appear to contribute the more the shorter their wavelength,
i.e. the larger k and n are. One proceeds by regularizing the divergence and by then
calculating the change in the regularized total energy (of a large region that contains
the plates) when varying L. As is well-known, the resulting expression for the Casimir
force remains finite after the regularization is removed, and reads:
F(L) = − pi
24L2
(7)
It has been shown that this result does not depend on the choice of regularization
method. Our aim now is to re-calculate the Casimir force within standard quantum
field theory while modelling the onset of Planck scale phenomena at high energies
through general nonlinear modifications to the dispersion relation. The goal is to
calculate the operator which maps arbitrary modified dispersion relations ω(k) into
the resulting Casimir force functions F(L). To this end, let us begin by writing
generalized dispersion relations in the form:
ω(k) = kcf
(
k
kc
)
(8)
Here, kc > 0 is a constant with the units of momentum, say the Planck momentum
so that its inverse is the Planck length: Lc = k
−1
c . The function f encodes unknown
Planck scale physics and for now we will make only these minimal assumptions:
• f(0) = 0, and f(x) ≈ x if x≪ 1 (regular dispersion at low energies)
• f(x) ≥ 0 when x ≥ 0 (stability: each mode carries positive energy)
We will use the term dispersion relation for both ω(k) and f(x).
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3 Exponential regularization
For generically modified dispersion relations the vacuum energy (5) must be assumed
to be divergent and therefore in need of regularization. Let us therefore regularize (5)
by introducing an exponential regularization function, parametrized by α > 0, i.e. we
define the regularized vacuum energy between the plates as:
Eregin (L) =
1
2
∞∑
n=0
kc f
(
npi
kcL
)
exp
[
−αkc f
(
npi
kcL
)]
(9)
In order to calculate the regularized vacuum energy density outside the plates we
notice that the right and left outside regions are half axes and that the energy density
in a half axis can be calculated from (9) by letting L go to infinity:
Ereg = lim
L→∞
Eregin (L)
L
(10)
The expression for the vacuum energy density outside the plates, (10), is conveniently
rewritten as a Riemann sum by defining ∆x = 1
L
:
Ereg = lim
∆x→0
{
1
2
∞∑
n=0
∆x kc f
(
n∆xpi
kc
)
exp
[
−αkc f
(
n∆xpi
kc
)]}
=
k2c
2pi
∫ ∞
0
dx f(x) exp [−αkc f(x)] . (11)
Notice that we are here implicitly restricting attention to dispersion relations for
which exponential regularization is sufficient to render the energy densities outside
and between the plates finite. This excludes, for example, the dispersion relation
f(x) = ln(1 + x) which would require a regularization function such as exp(−f(x)2).
We will later be able to lift this restriction on the dispersion relations, namely by al-
lowing the use of arbitrary regularization functions. Indeed, as we will prove in Sec.8,
our results only depend on the dispersion relation and are independent of the choice
of regularization function, as long as the regularization function does regularize the
occurring series and integrals, obeys certain mild smoothness conditions and recovers
the original divergent series of (5) in the limit α→ 0.
In order to calculate the Casimir force, let us now consider a very large but finite
region, say of length M , which contains the two plates. The total energy in this
region is finite and consists of the energy between the plates, (9), plus the energy
density outside the plates, (11), multiplied by the size of the region outside, namely
M−L. Note that by choosingM large enough ensures that the energy density outside
the plates does not depend on L. Thus, the total energy in this region is given by
Eregin (L) + (M −L)Ereg. The regularized Casimir force is the derivative of this energy
with respect to a change in the distance of the plates:
Fα(L) = − ∂
∂L
Eregin + Ereg . (12)
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The total lengthM of the region under consideration has dropped out, as it should be.
Hence, before removing the regularization (i.e. before letting α → 0+), the Casimir
force in the presence of a nonlinear dispersion relation is given by:
Fα(L) = 1
2
kc
{
∞∑
n=0
1
L
[
npi
kcL
f ′
(
npi
kcL
)
exp
[
−αkc f
(
npi
kcL
)]
×
×
(
1− αkc f
(
npi
kcL
))]
+
kc
pi
∫ ∞
0
dx f(x) exp [−αkc f(x)]
}
(13)
Here, f ′ stands for differentiating f with respect to the variable x = npi
kcL
.
4 Application of the Euler-Maclaurin formula
It will be convenient to collect the terms that constitute the argument of the series in
a new definition:
ϕα(t) :=
tpi
kcL
f ′
(
tpi
kcL
)
exp
[
−αkc f
(
tpi
kcL
)](
1− αkc f
(
tpi
kcL
))
(14)
Thus, (13) becomes:
Fα(L) = kc
2L
∞∑
n=0
ϕα(n) +
k2c
2pi
∫ ∞
0
dx f(x) e−αkcf(x) (15)
We notice that if the first term in (15) were an integral instead of a series then the
two terms in (15) would exactly cancel another:
kc
2L
∫ ∞
0
ϕα(t) dt =
kc
2L
kcL
pi
∫ ∞
0
ϕα(t)
pi
kcL
dt (16)
=
k2c
2pi
∫ ∞
0
dxx f ′(x)e−αkcf(x) (1− αkcf(x)) (17)
=
k2c
2pi
xf(x)e−αkcf(x)
∣∣∣∣
∞
0
− k
2
c
2pi
∫ ∞
0
dx f(x)e−αkcf(x) (18)
= 0− k
2
c
2pi
∫ ∞
0
dx f(x)e−αkcf(x) . (19)
In (18), the boundary terms are zero because at x = 0 the dispersion relation yields
f(0) = 0 and because for x→∞ the finiteness of (11) implies that its integrand decays
faster than 1/x.
In order to compute the Casimir force, let us now use the Euler-Maclaurin sum
formula, see e.g. [11], to express the series of ϕα as an integral of ϕα plus corrections.
As we just saw, the integral will then cancel in (15) and the correction terms will
constitute the Casimir force. To this end, recall that if the (k + 1)st derivative of a
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function ξ is continuous, i.e., if ξ ∈ Ck+1, then:
∑
a<n≤b
ξ(n) =
∫ b
a
ξ(t) dt+
k∑
r=0
(−1)r+1Br+1
(r + 1)!
(
ξ(r)(b)− ξ(r)(a)
)
+
+
(−1)k
(k + 1)!
∫ b
a
Bk+1(t)ξ
(k+1)(t) dt (20)
Here, the superscript at ξ(r) denotes the r’th derivative of the function ξ, the Bs are the
Bernoulli numbers and Bs(t) is the s’th Bernoulli periodic function, i.e. the periodic
extension of the s’th Bernoulli polynomial from the interval [0, 1].
We can now choose ξ = ϕα, set a = 0 and take the limit b→∞. Since the vacuum
energy density, (11), is finite it follows that (19) is finite and therefore also (16). This
in turn implies that limx→∞ ϕα(x) = 0 and limx→∞ ϕ
(n)
α (x) = 0 for all n ≥ 1. Hence,
the series involving the Bernoulli numbers simplifies and we obtain for arbitrary k ∈ N
this Euler-Maclaurin formula for ϕα:
∞∑
n=0
ϕα(n) =
∫ ∞
0
ϕα(t) dt−
k∑
r=0
(−1)r+1Br+1
(r + 1)!
ϕ(r)α (0) + Ωk[ϕα] (21)
Here, Ωk[ϕα] represents the remainder integral:
Ωk[ϕα] =
(−1)k
(k + 1)!
∫ ∞
0
Bk+1(t) ϕ
(k+1)
α (t) dt (22)
Using ϕα(0) = 0 and the fact that, except for B1, all Bernoulli numbers Bs with odd
indices s are zero, we obtain:
∞∑
n=0
ϕα(n) =
∫ ∞
0
ϕα(t) dt−
k∑
r=1
B2r
(2r)!
ϕ(2r−1)α (0) + Ωk[ϕα] (23)
Equation (23) expresses the series as an integral plus corrections, as desired. Applied
to the expression (15) for the regularized Casimir force, Fα(L), the integrals then
cancel and we obtain for the regularized Casimir force:
Fα(L) = − kc
2L
k∑
r=1
B2r
2r!
ϕ(2r−1)α (0) +
kc
2L
Ωk[ϕα] (24)
The actual Casimir force, F(L), is obtained by removing the regularization:
F(L) = lim
α→0+
{
− kc
2L
k∑
r=1
B2r
2r!
ϕ(2r−1)α (0) +
kc
2L
Ωk[ϕα]
}
(25)
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5 The Casimir force for polynomial dispersion rela-
tions
In order to further evaluate this expression for the Casimir force let us restrict attention
to dispersion relations that are sufficiently well behaved so that ϕα(t) is C∞ with
respect to both α and t. The simplest case is that of dispersion relations which are
polynomial:
f(x) =
n∑
s=0
νsx
s (26)
We are assuming that ϕα(t) ∈ C∞ which here allows us to take the limit α→ 0 in ϕα(t)
before differentiating it. From (14) we then have ϕ0(t) = limα→0 ϕα(t) = x(t)f
′(x(t))
where x(t) = tpi
kcL
and where ′ stands for d/dx. Thus, iterated differentiation yields
dnϕ0(t)
dtn
= n
(
pi
kcL
)n
dnf(x)
dxn
+ x
(
pi
kcL
)n+1
dn+1f(x)
dxn+1
(27)
and therefore the terms in the series in (25) read:
ϕ
(n)
0 (t)|t=0 = n
(
pi
kcL
)n
f (n)(x)|x=0 (28)
We now show that the remainder term Ωk[ϕα] does not contribute. Assuming for the
moment that the dispersion relation is polynomial, ϕα(t) is a polynomial times the
exponential regularization function e−αkcf which tends to 1 as α→ 0. Therefore, after
sufficiently many differentiations, i.e., when choosing k large enough, ϕ
(k+1)
α (t) → 0
as α → 0 for all fixed t. In order to evaluate Ωk[ϕα], let us now split (22) into two
integrals:
∫∞
0 =
∫ b
0 +
∫∞
b
. For all finite b > 0 the first integral commutes with the
limit α→ 0 to yield for large enough k:
lim
α→0
∫ b
0
Bk+1(t) ϕ
(k+1)
α (t) dt =
∫ b
0
lim
α→0
Bk+1(t) ϕ
(k+1)
α (t) dt = 0 (29)
Further, we notice that, since f is polynomial and the exponential regularization func-
tion is positive, ϕα(t) does not change sign for all t > b if b is chosen sufficiently large.
Since the periodic Bernoulli functions are bounded from above by their Bernoulli num-
bers we therefore obtain:∣∣∣∣
∫ ∞
b
Bk+1(t) ϕ
(k+1)
α (t) dt
∣∣∣∣ ≤ |Bk+1|
∣∣∣∣
∫ ∞
b
ϕ(k+1)α (t) dt
∣∣∣∣
≤ |Bk+1|
∣∣∣ϕ(k)α (t)|∞b ∣∣∣
= |Bk+1|
∣∣∣ϕ(k)α (b)∣∣∣
→ 0 as α→ 0 (30)
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Thus, when choosing k large enough, the remainder term disappears so that, using
(28), we obtain for the Casimir force for arbitrary polynomial dispersion relations:
F(L) = − kc
2L
k∑
r=1
(2r − 1)B2r
2r!
f (2r−1)(0)
(
pi
kcL
)2r−1
(31)
Further, since f (s)(0) = s! νs, we obtain:
F(L) = − kc
2L
k∑
r=1
(2r − 1)B2r
2r
ν2r−1
(
pi
kcL
)2r−1
(32)
We notice that, interestingly, the even powers in a nonlinear dispersion relation, i.e.
the coefficients ν2r, do not contribute to the Casimir force.
As a consistency check, let us now choose the usual linear dispersion relation f(x) = x.
Since B2 =
1
6 , we obtain
F(L) = −
(
kc
2L
)(
pi
kcL
)
1
2 · 6 = −
pi
24L2
, (33)
which is the well-known usual result for the Casimir force, as it should be.
6 Generic dispersion relations
Considering our results for the Casimir force with polynomial dispersion relations,
(31,32) we notice that the addition of mode energies translates into the addition of the
corresponding Casimir forces: if two dispersion relations are added, ft(x) = f1(x) +
f2(x), then the two corresponding Casimir forces are added:
Ft = F1 + F2 (34)
This shows that the operator, K, that we have been looking for, namely the operator
which maps arbitrary dispersion relations into their corresponding Casimir forces,
K : f 7→ F , is a linear operator:
K[f1 + f2] = K[f1] +K[f2] (35)
Because of its linearity, we can straightforwardly extend the action of K to arbitrary
dispersion relation, f , which are given by power series in x:
f(x) =
∞∑
s=0
νsx
s (36)
The radius of convergence of the power series must be infinite since the dispersion
relation needs to be evaluated for all x, i.e., f is an entire function. The linearity of
K yields the corresponding Casimir force function F as a power series in 1/L:
K[f ](L) = F(L) = − kc
2L
∞∑
r=1
(2r − 1)B2r
2r
ν2r−1
(
pi
kcL
)2r−1
(37)
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We need to determine under which conditions the resulting power series for the Casimir
force function is convergent. Interestingly, as we will show in Sec.7, the convergence,
i.e. the well-definedness of the Casimir force, generally depends on the plate separation
L. When the power series possesses a finite radius of convergence, i.e. when there is a
largest allowed value for 1/L, this means that there is a smallest allowed value for the
length L. This is beautifully consistent with the expectation that dispersion relations
that arise from an underlying quantum gravity theory can imply a finite minimum
length scale.
For analyzing the convergence properties of the series (37) the presence of the
Bernoulli numbers is somewhat cumbersome. It will be useful, therefore, to use the
connection between the Bernoulli numbers and the Riemann zeta function, see [12]:
Bn = (−1)n+1n ζ(1 − n) (38)
Thus:
F(L) = kc
2L
∞∑
r=1
(2r − 1)ζ(1 − 2r) ν2r−1
(
pi
kcL
)2r−1
. (39)
We can now use the fact that, see [13]:
ζ(1− s) = 2
(2pi)s
cos
(
1
2
pis
)
Γ(s)ζ(s) (40)
In our case, since s is always an integer, the Euler gamma function reduces to a
factorial, and the cosine is ±1. Thus:
F(L) = kc
L
∞∑
r=1
(−1)r
(2pi)2r
(2r − 1) (2r − 1)! ζ(2r) ν2r−1
(
pi
kcL
)2r−1
(41)
Having replaced the Bernoulli numbers by the Riemann zeta function is advantageous
because obviously ζ(r) → 1 very quickly as r → ∞. For example, for r = 6, the
difference is already at the one percent level. This means that for the purpose of
analyzing the convergence properties of the power series we will be able to use that
the Riemann zeta function for the arguments that occur is close to 1 and essentially
constant.
7 Example with minimum length
Ultraviolet-modified nonlinear dispersion relations which approach the usual linear
dispersion relation for small momenta are given, for example, by:
f(x) = exp(x)− 1 and f(x) = sinh(x) (42)
The odd coefficients, ν2r−1 = 1/(2r − 1)! are the same for both the exponential and
the sinh dispersion relation, i.e. the two functions differ only by their even part. But
we know from (41) that the even components of the dispersion relations do not affect
the Casimir force. The two dispersion relations therefore happen to lead to the same
10
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Figure 1: The Casimir force for the exponential dispersion relation ω(k) =
kc(exp(k/kc) − 1). Note that the Casimir force is defined only for L larger than
the finite minimum length Lmin = 1/2 (in units of 1/kc).
Casimir force. It is plotted with the usual Casimir force in Fig.1.
We see that the Casimir force matches the usual Casimir force at large L but is weaker
for small L. As the plot also shows, the Casimir force is well defined only for values
of L above a certain value Lc, corresponding to a finite radius of convergence of the
power series in 1/L for the Casimir force. In order to calculate this minimum length
Lc, we notice that all the coefficients ν2r−1 are non-negative, which implies that (41)
is an alternating series. Such series converge if and only if their coefficients converge
to zero. Hence, for any such dispersion relation, the Casimir force is well defined for
all L which obey:
lim
r→∞
[
1
(2pi)2r
(2r − 1) (2r − 1)! ζ(2r) ν2r−1
(
pi
kcL
)2r−1]
= 0 (43)
In the particular case of the two dispersion relations above, we have ν2r−1 = 1/(2r−1)!
and the condition that the Casimir force be well-defined therefore reads
lim
r→∞
[
ζ(2r)
(2pi)
(2r − 1)
(
1
2kcL
)2r−1]
= 0 (44)
which means that 12kcL < 1. The minimum length implied by this dispersion relation
is therefore:
Lc =
1
2kc
(45)
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This is an example of what we hinted at before, namely that a dispersion relation can
in this way reveal an underlying short-distance cutoff.
For general dispersion relations the coefficients ν2r−1 are not necessarily all positive,
i.e., the Casimir force need not be given by an alternating series. In this general case the
minimum length can be determined by using the fact that the radius of convergence,
R, of an arbitrary power series ∑ crxr is given by:
1
R = lim supr→∞ |cr|
1
r . (46)
For example, in the case of the dispersion relations given in (42), where ν2r−1 = 1/(2r−
1)!, the Casimir force (41) can be written as a power series F(L) =∑∞r=1 cr ( 1L2 )r in
1/L2 with the coefficients:
cr =
(−1)r kc (2r − 1) ζ(2r)
2pi
(
1
2kc
)2r−1
(47)
Thus, the minimum length obeys
L2c = lim sup
r→∞
[
kc (2r − 1) ζ(2r)
2pi
(
1
2kc
)2r−1] 1r
(48)
= lim
r→∞
(
1
2kc
) 2r−1
r
(49)
=
(
1
2kc
)2
(50)
and therefore:
L > Lc =
1
2kc
(51)
As expected, this agrees with the result (45) which we obtained by using the alternating
series test.
8 Regularization-function independence
It is known that the prediction for the Casimir force with the usual linear dispersion
relation does not depend on the choice of regularization function, as long as the reg-
ularization function obeys certain smoothness conditions and is such that it does in
fact regularize the integrals and series which occur in the calculation.
In our calculation of the Casimir force for nonlinear dispersion relations we chose
an exponential regularization function. We need to prove that our result (31) does
not depend on this choice. To see that this indeed the case, assume that we use an
arbitrary regularization function, γα(x), which is a positive function of x that obeys
limα→0+ γα(x) = 1 for all x so that the original divergent series is recovered when the
regulator α goes to zero. The regularized energy between the plates then reads:
E˜regin =
1
2
∞∑
n=0
kc f
(
npi
kcL
)
γα
[
f
(
npi
kcL
)]
(52)
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The regularization function, γα, needs to be chosen such that (52) as well as the energy
density are finite, i.e. such that limL→∞ E˜
reg
in (L)/L <∞, which means:∫ ∞
0
dx f(x)γα [f(x)] <∞ (53)
Finally, in order to be able to use the Euler-Maclaurin sum formula and in it to
interchange d/dt and the limit α→ 0, we require the regularization functions γα to be
smooth enough so that γα ∈ C∞ as well as ϕα(t) ∈ C∞ as a function of α and t. The
above derivation of the Casimir force can then be repeated point by point using the
corresponding new definition of ϕα. In particular, we apply the Euler-Maclaurin sum
formula to the expression:
F˜α(L) = − kc
2L
{
∞∑
n=0
[
npi
kcL
f ′
(
npi
kcL
){
γα
[
f
(
npi
kcL
)]
+
+f
(
npi
kcL
)
γ′α
[
f
(
npi
kcL
)]}]
+
kcL
pi
∫ ∞
0
f(x)γα[f(x)]
}
(54)
An integration by parts as in (16) shows that the integrals cancel. Equation (53)
ensures that the boundary term vanishes, as before in (18). Hence, we again arrive at
(24). We now take the limit α → 0 term by term in the sum, and since ϕα is in C∞,
we can again do this before differentiating. Moreover, by the basic assumptions made
on γα, we know that γ
′
α(x)→ 0 as α→ 0, so that as before:
lim
α→0
ϕα(t) = x(t)f
′(x(t)) (55)
The arguments given in the previous section to show that the remainder integral
disappears for polynomial dispersion relations and that the coefficients in the Euler-
Maclaurin sum are those given in (32) apply unchanged. This proves that our results
for the Casimir force are independent of the choice of regularization function, as it
should be.
9 The operator K which maps dispersion relations
into Casimir force functions
In preparation for our study of the transplanckian question for the Casimir effect in
Sec.10, let us now calculate explicit representations of the operator K which maps
dispersion relations f into Casimir force functions F :
K : f(x) 7−→ F(L) (56)
We already saw that K is linear. Indeed, from (41), it can be written as a differential
operator:
K = kc
2piL
∞∑
r=1
(−1)r(2r − 1)ζ(2r)
(
1
2kcL
)(2r−1)
d(2r−1)
dx(2r−1)
∣∣∣∣
x=0
(57)
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As we already mentioned, the convergence of the zeta function, ζ(2r) → 1, is very
fast as r → ∞. Since the study of the transplanckian question involves large orders
of magnitudes, we will therefore henceforth replace ζ(2r) by 1. By this approximation
we incur at most a numerical error of a pre-factor of order one which will not affect
our later analysis of the question when the ultraviolet modifications to the dispersion
relations can or cannot affect the Casimir force in the infrared.
9.1 Representation of K as an integral operator
For the purpose of studying the transplanckian question, the representation of K as
a differentiation operator in (57) is not as suitable as a representation as an integral
operator would be. Indeed, as we now show, an equivalent representation of K is given
by
K[f ](L) = F(L) = k
2
c
pi
Im
∫ ∞
0
f(ix) (1− 2kcLx) e−2kcLx dx (58)
where Im stands for taking the imaginary part. To verify that the action of this
operator on all polynomial f agrees with that given in (57), let us begin by introducing
variables Λ = 2kcL and x˜ = 2kcLx, to write:
F(L) = k
2
c
piΛ
Im
∫ ∞
0
f
(
i
x˜
Λ
)
(1− x˜) e−x˜ dx˜ (59)
We claim that iterated integrations by parts yield:
F(L) = k
2
c
piΛ
Im
{
n∑
s=0
e−x˜(x˜+ s)
ds
dx˜s
f
(
i
x˜
Λ
)∣∣∣∣
∞
x˜=0
−
∫ ∞
0
e−x˜(x˜+ n)
dn+1
dx˜n+1
f
(
i
x˜
Λ
)}
(60)
Integrating (59) by parts once shows that the equation holds for n = 0. Assuming
now that the formula is valid for n− 1, integration by parts of the remaining integral
yields:
F(L) = k
2
c
piΛ
Im
{
n−1∑
s=0
e−x˜(x+ s)
ds
dx˜s
f
(
i
x˜
Λ
)∣∣∣∣
∞
x˜=0
(61)
+ e−x˜(x˜+ n)
dn
dx˜n
f
(
i
x˜
Λ
)∣∣∣∣
∞
x˜=0
(62)
−
∫ ∞
0
e−x˜(x˜+ n)
dn+1
dx˜n+1
f
(
i
x˜
Λ
)}
(63)
The boundary term in (62) becomes the next term in the sum (61) and by induction
this completes the proof of (60). In (60), since f is polynomial, the integral vanishes if
n is chosen large enough. Also, the boundary terms clearly vanish at the upper limit.
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Letting n→∞, we are left with:
F(L) = −k
2
c
piΛ
Im
∞∑
s=0
s
ds
dx˜s
f
(
i
x˜
Λ
)∣∣∣∣
x˜=0
(64)
=
kc
2piL
∞∑
r=1
(2r − 1) (−1)r
(
1
2kcL
)2r−1
d 2r−1
dx2r−1
f(x)|x=0 (65)
which agrees with (57), up to the zeta function which we omitted since it is close to
one. In the step from (64) to (65) we made use of the fact that the imaginary part
selects for only the odd powers in the series.
As a consistency check, let us apply the integral representation, (58), of K to the usual
linear dispersion relation f(x) = x. Carrying out the integration yields F(L) = − 14piL2 .
As expected, this differs from the usual result only by the omitted ζ function pre-factor
of ζ(2) = pi
2
6 .
9.2 Relation of K to the Laplace transform
The representation of K as an integral operator came at the cost of complexifying the
analysis by having to integrate the dispersion relation along the imaginary axis.
Fortunately, it is possible to re-express K as a real integral operator, namely as
a slightly modified Laplace transform. To this end, let us use our finding that even
powers in the dispersion relations do not contribute to the Casimir force. This means
that, without restricting generality, we can assume that the dispersion relation is odd,
i.e. that it can be written in the form
f(x) = x g(x2) (66)
for some function g. Thus, f(ix) = i x g(−x2), and therefore the integral representation
(58) of K now takes the form:
K[f ](L) = F(L) = k
2
c
pi
∫ ∞
0
x g(−x2) (1 − 2kcLx) e−2kcLx dx (67)
Using the properties of the Laplace transform with respect to differentiation, we can
finally conclude that the operator K which maps dispersion relations into Casimir force
functions can be written as a modified Laplace transform:
K[f ](L) = F(L) = k
2
c
pi
(
1 + L
d
dL
)∫ ∞
0
e−2kcLxx g(−x2) dx
=
k2c
pi
(
1 + L
d
dL
)
LΛ[f˜ ] (68)
In the last line, LΛ[f˜ ] stands for the Laplace transform of f˜(x) = x g(−x2) with respect
to the variable Λ = 2kcL. Let us test (68) by applying it to the linear dispersion
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relation, where f˜(x) = x. Then,
F(L) = k
2
c
pi
(
1 + L
d
dL
)∫ ∞
0
e−2kcLxx dx (69)
= − 1
4piL2
, (70)
which indeed agrees with the expected result as obtained at the end of Sec.9.1.
We notice that the representation of K through (68) involves the analytic extension
of the function g from positive arguments, where it encodes the dispersion relation
through f(x) = x g(x2), to negative arguments where g is evaluated by the Laplace
transform in (68).
This observation about K will be useful for answering the transplanckian question in
Sec.10: clearly, the dispersion relation f(x) = x g(x2) may be very close to linear, i.e.
g(y) may be close to one for y > 0, while at the same time the unique analytic extension
g(y) for y < 0 may be far from linear. This already shows that ultraviolet-modified
dispersion relations can easily lead to arbitrarily pronounced nontrivial Casimir forces
even at infrared length scales.
9.3 The inverse of K
Let us now calculate the inverse of the operator K to obtain the operator which maps
odd Casimir force functions (recall that the even ones do not contribute to the Casimir
force) into the corresponding dispersion relations. To this end, we need to solve for
F˜(L):
k2c
pi
(
1 + L
d
dL
)
F˜(L) = F(L) . (71)
The Green’s function for this differential operator satisfies the following equation:
k2c
pi
(
1 + L
d
dL
)
GF (L,L
′) = δ(L − L′) (72)
Since the δ-function is formally the derivative of the Heavyside step function θ, an
integration on both sides yields∫
GF (L,L
′) dL + LGF(L,L
′)−
∫
GF (L,L
′) dL =
pi
k2c
θ(L− L′) + κ(L′) , (73)
where κ(L′) is some arbitrary function. Hence,
GF (L,L
′) =
1
L
[
pi
k2c
θ(L − L′) + κ(L′)
]
, (74)
and
F˜(L) = 1
L
∫ ∞
−∞
[
pi
k2c
θ(L− L′) + κ(L′)
]
F(L′) dL′ . (75)
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For the boundary condition, we set F˜(L) → 0 as L → +∞, to ensure the correct
behavior of F . Hence,
κ(L′) +
pi
k2c
= 0 ⇐⇒ κ(L′) ≡ − pi
k2c
(76)
Thus, the integral in (75) is effectively truncated and we have:
F˜(L) = − pi
k2cL
∫ ∞
L
F(L′) dL′ . (77)
Eventually, we also need to invert the Laplace transform through a Fourier-Mellin
integral, to obtain:
x g(−x2) = − 1
2ik2cL
∫
γ
dL exL
∫ ∞
L
F(L′) dL′ (78)
Here, the integration path γ is to be chosen parallel to the imaginary axis and to the
right of all singularities of the integrand. Analytic continuation of g to the positive
reals finally yields the dispersion relation K−1[F ](x) = f(x) = xg(x2), modulo, of
course, even components to the dispersion relations. We will here not go further into
the functional analysis of (78) and the inverse of K.
10 The transplanckian question
Having calculated K, we are now prepared to address the transplanckian question,
namely the question which types of Planck scale modified dispersion relations would
significantly affect the predictions for the Casimir force at realistic plate separations.
To this end, let us begin by investigating the lowest order corrections to the dis-
persion relation, f , namely by including a quadratic and a quartic correction term:
f(x) = x+ν2x
2+ν3x
3. The coefficients ν2, ν3 can be as large as of order one, ν2, ν3 ≈ 1,
without appreciably affecting the dispersion relation ω(k) = kc f(k/kc) at small mo-
menta k ≪ kc. Using our result (41) for K we find the corresponding Casimir force
function:
F(L) = − pi
24L2
+ ν3
pi5
20 k2cL
4
(79)
The quadratic correction term ν2x
2 is an even component of f and therefore does not
affect the Casimir force. The quartic correction term does affect the Casimir force,
changing the Casimir force from attractive to repulsive at very short distances, as
shown in Fig. 2. However, as we can also see in Fig. 2, the Casimir force function
converges very rapidly towards the usual Casimir force function for plate separations
that are significantly larger than Lc = k
−1
c . To be precise, we recall that the stan-
dard dispersion relation fstandard(x) = x implies the standard Casimir force function
Fstandard(L) = − pi24L2 . The relative size of the correction to the Casimir force depends
on the plate separation L and reads:
Fstandard(L)−F(L)
Fstandard(L) = ν3
6pi4
5L2k2c
(80)
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Figure 2: The Casimir force for a lowest order correction to the dispersion relation:
f(x) = x+ x3. The plate separation, L, is measured in multiples of the UV scale
k−1
c
2 .
Let us calculate the orders of magnitude. The dispersion relation ω(k) = kc f(k/kc)
is expected to start to appreciably differ from linearity the latest at the Planck scale,
which in 3 + 1 dimensional space-time means that the critical length, Lc, obeys Lc =
k−1c ≈ 10−35m. Actual measurements of the Casimir force have been performed at
about Lm ≈ 10−7m, see e.g. [8]. Therefore, evaluating the relative correction of the
Casimir force, (80), at the measurable scale L = Lm yields
Fstandard(Lm)−F(Lm)
Fstandard(Lm) = ν3
6pi4
5
σ2 (81)
where σ denotes the dimensionless ratio of the ultraviolet length scale Lc and the
infrared length scale Lm:
σ =
Lc
Lm
≈ 10−28 (82)
Thus, the effect of the lowest order corrections to the dispersion relation on the Casimir
force is extremely small at measurable plate separations.
Naively, on might expect that higher-order corrections to the dispersion relations
contribute even less to the Casimir force. If true, this would indicate that the phys-
ical processes that happen at these two length scales respectively are very effectively
decoupled from another. In fact, however, the two scales are not quite as decoupled.
Roughly speaking, the reason is that higher order corrections to the dispersion relations
contribute more rather than less to the Casimir force, as we will now show.
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10.1 UV-IR coupling with polynomial dispersion relations
Recall that we here need not be concerned with the even components of dispersion
relations since they do not contribute to the Casimir force. Let us, therefore, consider
higher order odd polynomial dispersion relations:
f(x) = x+
N∑
r=2
ν2r−1 x
2r−1 (83)
The coefficients ν2r−1 can be chosen as large as of order one, ν2r−1 ≈ 1, and f will
still be modified only in the ultraviolet. We showed above that the contribution of the
lowest order correction term, ν3x
3, to the Casimir force at the infrared length scale
Lm is proportional to σ
2, i.e. that it is completely negligible. One might expect that
higher order terms ν2r−1x
2r−1 in the dispersion relation would contribute even less to
the Casimir force. At first sight this expectation appears to be confirmed: K maps
a dispersion relation term ∼ x2n−1 into a Casimir force term ∼ (kcL)−2r. At the
infrared scale, L = Lm, the latter term reads:(
1
kcL
)2r
=
(
Lc
Lm
)2r
= σ2r (84)
This indeed means that the size of this term decreases exponentially with increasing r.
Upon closer inspection, however, we see that, nevertheless, a higher order term x2r−1
in f can give an arbitrarily large contribution to the Casimir force, in particular if r
is very large. The reason is that K involves a factorial amplification of higher order
terms which eventually overcomes the exponential suppression that we discussed above.
Namely, as (41) shows, the precise action of K on the correction term ν2r−1x2r−1 reads:
K : ν2r−1 x2r−1 −→ ν2r−1 (−1)
rk2c
pi
(2r − 1)(2r − 1)! ζ(2r)
(
1
2kcL
)2r
(85)
Due to the presence of the factorial term (2r− 1)!, the coefficients of the Casimir force
function grow much faster than those of the dispersion relation. In particular, for the
dispersion relation f(x) = x + ν2r−1x
2r−1 the relative change in the Casimir force at
the infrared scale Lm reads:
Fstandard(Lm)−F(Lm)
Fstandard(Lm) = ν2r−1
(−1)r−1(2r − 1)ζ(2r)
4pi2
(2r − 1)!
(σ
2
)2r−2
(86)
It is straightforward to apply Stirling’s formula for the factorial, n! ≈ √2pin (n
e
)n
for
n ≫ 1 in order to calculate how large r needs to be for the factorial amplification
to overcome the exponential suppression. We find that a correction term ν2r−1x
2r−1
with ν2r−1 ≈ 1 in the dispersion relation leads to a relative change of order one in the
Casimir force at the infrared scale Lm if r is of the order σ
−1, i.e. if r ≈ 1028.
To summarize: We found that K is a well-defined but unbounded and therefore dis-
continuous operator (as are, e.g., the quantum mechanical position and momentum
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operators). Namely, a modified dispersion relation of the form f(x) = x+ ν2r−1x
2r−1,
say with r ≈ 1028 and ν2r−1 ≈ 1 is virtually indistinguishable from the linear dispersion
relation f(x) = x at all scales up to the Planck scale, but does lead to a modification
of the Casimir force which is very strong (the relative change is of order 100%) even at
laboratory length scales. Thus, even though the first order terms contribute extremely
little to the Casimir force, very high order corrections to the dispersion relations can
contribute significantly to the Casimir force - in fact, the more so the larger r is.
Realistic candidates for Planck scale modified dispersion relation are given by a
series f(x) = x +
∑∞
n=2 νnx
n and such dispersion relations therefore contain terms
ν2r−1x
2r−1 for arbitrarily large r. At the same time, the prefactors νn must of course
obey νn → 0 as n→∞ because this is a necessary condition for the convergence of the
series. We conclude that it is this competition between the decay of the coefficients
ν2r−1 and the increasing Casimir effect of terms x
2r−1, for r → ∞, which decides
whether or not a given ultraviolet-modified dispersion relation does or does not lead
to an appreciable effect on the Casimir force at infrared distances. In practice, to
study this competition directly by using the complicated representation of K in (85)
would be a tedious approach to the transplanckian question because, for example, the
coefficients of the Casimir force acquire alternating signs. Instead, as we will show in
the next section, we will conveniently be able to study the transplanckian question by
making use of our representation of K in terms of the Laplace transform.
10.2 UV-IR coupling with generic dispersion relations
Let us write the dispersion relations again in the form f(x) = x g(x2) so that, e.g.,
g ≡ 1 yields the standard dispersion relation. This allows us to apply the representation
of K in terms of the Laplace transform, (67). We begin by noticing that, since x2 is
positive, the evaluation of the dispersion relation f involves evaluating g(y) only for
positive y. Now considering (67) we see that, curiously, the calculation of the Casimir
force involves evaluating g(y) only for negative values of y.
This is surprising because if g could be any arbitrary function, this would mean
that the dispersion relation, which is determined by the behavior of g on the positive
half-axis, and the Casimir force function, which is determined by the behavior of g on
the negative half axis, were unrelated. But of course our g are not arbitrary functions
but are polynomials or power series with infinite radius of convergence, i.e. they are
entire functions. Therefore, the behavior of g on the positive half axis fully determines
its behavior also on the negative half axis. The dispersion relations do determine the
corresponding Casimir force.
Of crucial importance for the transplanckian question, however, is the fact that
there are entire functions g which are arbitrarily close to one for 0 < y < 1 and which
nevertheless reach arbitrarily large values on the negative half axis. Such functions
do not noticeably affect the dispersion relation for momenta up to the Planck scale
but do arbitrarily strongly affect the Casimir force. These are the dispersion relations
f(x) = x g(x2) with
g(y) = 1 + h(y), (87)
where the function h obeys h(y) ≈ 0 for y ∈ (0, 1) while exhibiting large |h(y)| in some
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range of negative values of y. Let us now analyze which behavior of h on the negative
half axis determines if the Casimir force is affected in the infrared. To this end, let us
use (67) and (87) to express the correction in the Casimir force, ∆F = F −Fstandard,
in terms of the correction h to the dispersion relation:
∆F(L) = k
2
c
pi
∫ ∞
0
x h(−x2) (1− 2kcLx) e−2kcLx dx (88)
The integral kernel
G(x, L) = (1− 2kcLx) e−2kcLx (89)
is positive for x < (2kcL)
−1, negative for x > (2kcL)
−1 and rapidly decreases to zero
for x ≫ (2kcL)−1. (We remark that the the integral of the kernel over all x ∈ [0,∞)
is 0, which expresses the fact that the Casimir force does not depend on the absolute
value of the energy.) Thus, for a fixed plate separation L, what matters most for the
Casimir force is the behavior of h(y) from y = 0 to about y ≈ −(kcL)−2. As we
increase L, the interval y ∈ (−(kcL)−2, 0) on which the integral kernel G is mostly
supported is shrinking, see Fig.3. Thus, there is a significant effect on the Casimir
-0.2
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Figure 3: The integral kernel (1− xL)e−xL for different values of L. Note the shift of
its zero towards the origin as L grows.
force at realistically large plate separations, such as L = Lm, if the function h is either
of order one in this small interval close to the origin or it must be exponentially large
(so as to compensate the exponential suppression in G) in some interval to the left of
−(kcL)−2. Of course, both are possible. There are entire functions h which possess
either one of these behaviors on the negative half axis and therefore do affect the
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Casimir force in the infrared, while being arbitrarily close to zero for 0 < y < 1, so as
to leave the dispersion relation virtually unchanged in the infrared.
There is even the extreme case of functions, h, whose corresponding dispersion
relation f is arbitrarily little affected at all scales while the Casimir force function is
arbitrarily much affected at any scale we wish, say in the infrared. To see this, consider
for example the case where h is a Gaussian which is centred around a low negative
value y0 < 0 while being so sharply peaked that its tail into the positive half axis is
negligibly small. The function that enters into the calculation of the Casimir force,
f˜1 = x g(−x2), then features the low-x spike of the Gaussian, implying by our above
consideration that the Casimir force is affected in the infrared. At the same time, the
dispersion relation itself, f˜2(x) = x g(x
2), is virtually unaffected for all x.
11 Conclusions
We investigated the effect of ultraviolet corrections to the dispersion relation on the
Casimir force. To this end, we calculated the operatorK which maps generic dispersion
relations, ω(k) = kcf (k/kc), into the corresponding Casimir force functions F(L).
Here, kc is the Planck momentum, f is a power series in x = k/kc and L is the plate
separation. The structure ofK showed that the even components of dispersion relations
do not contribute to the Casimir force. This implies, for example, that the dispersion
relations defined through f(x) = sinh(x) and f(x) = exp(x)−1 yield identical Casimir
force functions.
We also showed that a certain class of UV-modified dispersion relations, such as
f(x) = sinh(x), lead to Casimir force functions that are well defined only down to a
finite smallest distance between the plates. Physically, the existence of a finite lower
bound for the plate separation, L, is indeed what should be expected if the ultraviolet-
modified dispersion relation arises from an underlying theory of quantum gravity which
possesses a notion of minimum length.
Technically, the phenomenon of a finite minimum L arises because the Casimir
force F(L) is always a polynomial or power series in 1/L, depending on whether the
dispersion relation is polynomial or a power series. Therefore, if F(L) is a power
series then it can possess a finite radius of convergence, i.e. an upper bound on 1/L,
which then implies a lower bound on L. Of course, a finite radius of convergence can
occur only for power series but not for polynomials. Interestingly, this means that
the existence of a finite lower bound on L cannot arise from polynomial dispersion
relations of any degree. An important conclusion that we can draw from this is that if
a candidate quantum gravity theory yields a non-polynomial dispersion relation then
working with any finite degree polynomial approximation of this dispersion relation
may be missing crucial qualitative features, such as the existence of a finite minimum
length.
There is a deeper reason for why it is important to apply a nontrivial dispersion
relation in the exact form in which it arises from some proposed quantum gravity the-
ory. The reason is that K is an unbounded and therefore also discontinuous operator,
which means that arbitrarily small changes to the dispersion relation can lead to ar-
bitrarily large changes to the Casimir force. On the other hand, the action of K is of
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course well-defined, which means that if a candidate quantum gravity theory implies
a particular UV-modified dispersion relation then K can be used to precisely predict
the corresponding Casimir force function.
We proceeded by determining which ultraviolet modifications to the dispersion
relation would appreciably affect the Casimir force function at a large length scale
Lm. To this end, it was convenient to express dispersion relations, f , in the form
f(x) = x g(x2) and g(y) = 1+h(y) where h is an entire function (so that h ≡ 0 for the
usual linear dispersion relation). Recall that y is the momentum squared, in units of
k2c = L
−2
c , i.e., y = 1 is the Planck momentum squared. We are interested in dispersion
relations which are essentially unchanged in the infrared, i.e., which obey h(y) ≈ 0, up
to unmeasurable deviations, for all y in the interval (0, 1). Our analysis of K through
the Laplace transform then showed that if the corresponding Casimir force is to be
affected at an infrared scale, say Lm, then the dispersion relation must come from a
function h which obeys one or both of two conditions: (a) either h obeys |h(y)| = O(1)
for y in parts of the interval (−L2c/L2m, 0) = (−σ2, 0), or (b) h is exponentially large
in a finite interval of more negative y obeying y < −σ2.
In the case (a), an ultraviolet-modified dispersion relation induces an infrared mod-
ification of the Casimir force if the correction to the dispersion relation, h(y), is essen-
tially zero in all of (0, 1), while it rises very steeply towards the left to amplitudes of
order one within the extremely short interval (−σ2, 0), where we recall that σ ≈ 10−28.
In the case (b), UV/IR coupling arises if h is again essentially zero in the interval (0, 1),
while now needing to reach exponentially large values for a finite stretch of more neg-
ative y values, again resulting in the need for h to rise extremely steeply towards the
left. It is easy to give examples of such h, such as the Gaussian h that we discussed.
In fact, we can easily write down h which would lead to no appreciable modification of
the dispersion at low energies and yet to arbitrarily large changes to the Casimir force
even at macroscopically large plate separations. Because of their large slope, however,
such functions h are severely fine-tuned and must therefore be considered unlikely to
arise from an underlying quantum gravity theory. We can conclude, therefore, that the
28 orders of magnitude which separate the effective UV and IR scales do not suppress
UV/IR coupling in strength but instead in likelihood, namely through the need for
extreme fine tuning.
This is interesting because, in inflation, the separation of the effective UV and IR
scales is only about three to five orders of magnitude: Consider the operator K for
inflation, namely the operator which maps arbitrary ultraviolet-modified dispersion
relations into the function that describes the CMB’s tensor or scalar fluctuation spec-
trum. Let us assume that its properties are analogous to that of the operator K which
we here found for the Casimir effect. This would mean that an ultraviolet-modified
dispersion relation that arises from some underlying quantum gravity theory can lead
to effects on the CMB spectrum which are not automatically limited in their strength
by the separation of scales σ ≈ 10−5, or indeed by any power of σ. Instead, arbitrarily
large effects on the CMB must be considered possible, while it is merely the a priori
likelihood of large effects that is suppressed by the separation of scales. That this is
indeed the case can of course only be confirmed by calculating an explicit expression
for the operator K for inflation.
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12 Outlook
The task of finding the operator K for inflation will be more difficult than it was to
calculate K for the Casimir effect. This is mainly because it is highly nontrivial to
identify the comoving modes’ initial condition, i.e. their ingoing vacuum state. This
problem needs to be solved because a misidentification of the vacuum could mask
the infrared effects that one is looking for. The reason is that the mode equations
reduce to the mode equations with the usual linear dispersion at late times, namely
at large length scales. Therefore, the mode solutions at late times live in the usual
solution space. Thus, any effects of ultraviolet-modified dispersion relations in the IR
could be masked by an incorrect choice of the initial condition for the mode equation.
A further complication is that of possibly strong backreaction, although there are
indications that this problem can be absorbed in a suitable redefinition of the inflaton
potential, see [14]. Once these points are clarified, K for inflation can be calculated.
A limitation of our investigation of the Casimir effect has been that we restricted
attention to modelling the effects of Planck scale physics on quantum field theory
exclusively through UV-modified dispersion relations. This assumes that fields can
possess arbitrarily large k and arbitrarily short wavelengths, an assumption which
is likely too strong. Indeed, studies of quantum gravity and string theory strongly
indicate the existence of a universal minimum length at the Planck or string scale. In
particular, it has been suggested that, in terms of first quantization, this natural UV
cutoff could possess an effective description through uncertainty relations of the form
∆x∆p ≤ ~2 (1 + β(∆p)2 + ...), see, e.g., [15]. As is easily verified, such uncertainty
relations encode the minimum length as a lower bound, ∆xmin = ~
√
β, on the formal
position uncertainty, ∆x. It has been shown that this type of uncertainty relations
also implies a minimum wavelength and that, therefore, fields possess the sampling
property, see [16]: if a field’s (number or operator-valued) amplitudes are known only
at discrete points then the field’s amplitudes everywhere are already determined - if the
average sample spacing is less than the critical spacing, which is given by the minimum
length. As a consequence, any theory with this type of uncertainty relation can be
written as continuum theory or, fully equivalently, as a discrete theory on any lattice
of sufficiently tight spacing. This UV cutoff can also be viewed as an information
theoretic cutoff, and it possesses a covariant generalization, see [17].
Indeed, nontrivial dispersion relations also raise the question of local Lorentz in-
variance. One possibility is that local Lorentz is broken hard or soft and that, e.g., the
CMB rest frame is the preferred frame. It has also been suggested that the Lorentz
group might be deformed, or that it may be unchanged but represented nonlinearly.
Various experimental bounds on Lorentz symmetry breaking are being discussed, e.g.,
from observations of gamma ray bursts. For the literature, see e.g. [18].
An application of the minimum length uncertainty principle to the Casimir effect
has recently been tried, see [19]. There, the Casimir force was found to be a discon-
tinuous function of the plate separation. This problem is due to the fact that, in [19],
the plate boundaries are implicitly treated as possessing sharp positions. This is not
fully consistent with the assumption that all particles including those that make up
the plates can be localized only up to the finite minimum position uncertainty. As a
consequence, as the plate separation increases, the energy eigenvalues discontinuously
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enter the spectrum of the first quantized Hamiltonian. It should be very interesting to
extend these Casimir force calculations while applying the minimum length uncertainty
relations to both the field and the plates.
Finally, we note an additional analogy between the Casimir effect and inflation: in
the Casimir effect with UV cutoff, as the distance between the plates is increased, new
modes enter the space between the plates, thereby changing the vacuum energy. In
cosmology, space itself expands and, in the presence of an UV cutoff, new comoving
modes (recall that these are the independent degrees of freedom) are continually being
created, similar to the Casimir effect. A priori, these new modes arise with vacuum
energy. During the expansion, the modes’ vacuum energy becomes diluted but if the
dispersion is nonlinear then the balance of new vacuum energy creation and vacuum
energy dilution is nontrivial. A paper which addresses this question is in progress, [20].
References
[1] J. D. Bekenstein, Phys. Rev. D7, 2333 (1973) S. W. Hawking, Commun. Math.
Phys. 43, 199 (1975), W.G. Unruh, Phys. Rev. D51, 2827 (1995), R. Brout,
S. Massar, R. Parentani, P. Spindel, Phys. Rept. 260, 329 (1995), S. Corley,
T. Jacobson, Phys. Rev. D
¯
54, 1568 (1996), R. Brout, C. Gabriel, M. Lubo, P.
Spindel, Phys. Rev. D59, 044005 (1999).
[2] W. G. Unruh, Phys. Rev. D51, (1995) 2827, W. G. Unruh, R. Schutzhold,
gr-qc/0408009, Phys. Rev. D71, 024028 (2005).
[3] J. Martin, R. Brandenberger, Phys. Rev. D63, 123501 (2001), J. C. Niemeyer,
Phys. Rev. D63, 123502 (2001), A. Kempf, astro-ph/0009209, Phys. Rev. D63,
083514 (2001), A. Kempf, J. C. Niemeyer, astro-ph/0103225, Phys. Rev. D64,
103501 (2001), N. Kaloper, M. Kleban, A. E. Lawrence, S. Shenker, Phys. Rev.
D66, 123510 (2002), L. Bergstrom, U. H. Danielsson, hep-th/0211006, JHEP
0212, 038 (2002), O. Elgaroy, M. Gramann, O. Lahav, astro-ph/0111208, Mon.
Not. Roy. Astron. Soc. 333, 93 (2002), G. F. Giudice, E. W. Kolb, J. Les-
gourgues, A. Riotto, hep-ph/0207145, Phys. Rev. D66, 083512 (2002), J. Mar-
tin, R. Brandenberger, Phys. Rev. D65, 103514 (2002), Phys.Rev. D68, 063513
(2003), C.P. Burgess, J.M. Cline, F. Lemieux, R. Holman, hep-th/0210233, JHEP
0302, 048 (2003), S. Cremonini, Phys. Rev. D68, 063514 (2003), M. Giovannini,
hep-th/0308066, Class. Quant. Grav. 20, 5455 (2003), K. Goldstein, D. A. Lowe,
hep-th/0208167, Phys. Rev. D67, 063502 (2003), E. Di Grezia, G. Esposito, A.
Funel, G. Mangano, G. Miele, gr-qc/0305050, Phys. Rev. D68, 105012 (2003), S.
Hannestad, L. Mersini-Houghton, hep-ph/0405218, L. Sriramkumar, T. Padman-
abhan, gr-qc/0408034, R. Easther, W. H. Kinney, H. Peiris, astro-ph/0412613,
K. Schalm, G. Shiu, J. P. van der Schaar, hep-th/0412288, AIP Conf. Proc. 743,
362 (2005), H. Collins, R. Holman, hep-th/0501158.
[4] H. B. G. Casimir, Kon. Ned. Akad. Wetensch. Proc. 51, 793 (1948).
[5] R. Balian, Seminaire Poincare 1, 55 (2002).
25
[6] Y. Aghababaie and C. P. Burgess, Phys. Rev. D70, 085003 (2004).
[7] M. Bordag, U. Mohideen, V.M. Mostapanenko, Phys. Rep. 353, 1 (2001), K. A.
Milton, hep-th/0406024, J. Phys.A37, R209 (2004), S. K. Lamoreaux. Rep. Prog.
Phys. 68, 201 (2005).
[8] S. K. Lamoreaux, Phys. Rev. Lett. 78, 5 (1997), U. Mohideen, A. Roy, Phys. Rev.
Lett. 81, 4549 (1998).
[9] A. Lambrecht, S. Reynaud, Seminaire Poincare 1, 79 (2002).
[10] A. Kempf, gr-qc/9907084, J. Math. Phys. 41, 2360 (2000).
[11] W. B. Ford, Studies on Divergent Series and Summability & The Asymptotic
Developments of Functions Defined by Maclaurin Series, Chelsea Pub. (1960),
G. H. Hardy, Divergent Series, Oxford University Press (1956), M. Abramowitz
and I. Stegun, Handbook of Mathematical Functions with Formula, Graphs and
Mathematical Tables, Dover, New York (1972)
[12] J. Havil, Gamma: Exploring Euler’s Constant, Princeton University Press,
Princeton (2003)
[13] G. H. Hardy, Ramanujan: Twelve Lectures on Subjects Suggested by His Life and
Work, AMS Chelsea Pub., New York (1999)
[14] B. R. Greene, K. Schalm, G. Shiu, J. P. van der Schaar, JCAP 0502, 001 (2005)
[15] D.J. Gross, P.F. Mende, Nucl. Phys. B303, 407 (1988), D. Amati, M.
Ciafaloni, G. Veneziano, Phys. Lett. B216, 41 (1989), A. Kempf, J. Math. Phys.
hep-th/9311147, 35, 4483 (1994), M.-J. Jaeckel, S. Reynaud, Phys. Lett. A185,
143 (1994), D.V. Ahluwalia, Phys. Lett. B339, 301 (1994), L. J. Garay, Int.
J. Mod. Phys. A10, 145 (1995), E. Witten, Phys. Today 49 (4), 24 (1996), A.
Kempf, G. Mangano, hep-th/9612084, Phys. Rev. D55, 7909 (1997). G. Amelino-
Camelia, John Ellis, N.E. Mavromatos, D.V. Nanopoulos, Mod. Phys. Lett. A12,
2029 (1997).
[16] A. Kempf, hep-th/9905114, Phys. Rev. Lett. 85, 2873 (2000)
[17] A. Kempf, gr-qc/0310035, Phys. Rev. Lett. 92, 221301 (2004).
[18] J.W. Moffat, hep-th/0211167, Int. J. Mod. Phys. D12, 1279 (2003) G. Amelino-
Camelia and T. Piran, astro-ph/0008107, Phys. Rev. D64, 036005 (2001), S. M.
Carroll, J. A. Harvey, V.A. Kostelecky, C. D. Lane, T. Okamoto, Phys. Rev.
Lett. 87, 141601 (2001), J. Magueijo, L. Smolin, gr-qc/0207085, Phys. Rev. D67,
044017 (2003), D. Mattingly, T. Jacobson, S. Liberati, hep-ph/0211466, Phys.
Rev.D67, 124012 (2003), T. A. Jacobson, S. Liberati, D. Mattingly, F.W. Stecker,
astro-ph/0309681, Phys. Rev. Lett. 93, 021101 (2004)
[19] U. Harbach, S. Hossenfelder, hep-th/0502142.
[20] A. Kempf, L. Lorenz, in preparation
26
